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be defined globally. The vanishing of the arising potential obstructions does not depend
on spin structure in the bulk, nor does the six-manifold need to be spin or spin®. Lifting
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1. Introduction

The purpose of this paper is to verify that there are no obstructions for defining global
Fermion fields on an orientable Lorentzian six-manifold, when the Fermions carry Spy
charge. This Fermion structure arises in the chiral N = 2 tensor theory in six dimen-
sions [[ll. Though this is the world-volume theory on an M-theory five-brane [J—fJ, the
analysis presented here does not make use of assumptions relating to how or even whether
the theory occurs on a brane embedded in an ambient Supergravity space-time [f].

The spin group Spin(1,5) can be thought of as an extension of the frame group SO(1,5)
by Za. The fact that the Fermions in the present case carry Spy charge, leads to extensions
of the frame group SO(1,5) by Spy, rather than the usual Zy. Though such extensions can
contain both Sp, and Spin(1, 5) as subgroups, this is a rather more general construction [f].

The detailed investigation of the actual lifting procedure allows one to find which
choices precisely need to be made in order to specify a generalised spin structure. It turns
out that there is latitude on two different levels: different ways of finding a lift correspond
to a pair of elements, one from H*(M,Z) and the other from H?®(M,Zs), where M is
the six-manifold under study. Such a pair of elements can be thought of as (a model of)
generalised spin structure. An element chosen from the former group has an interpretation
in terms of a characteristic class related to the normal bundle, whereas an element from

the latter group has no immediate such meaning.



There are several reasons to study the five-brane world-volume theory on its own right
as a chiral N = 2 tensor theory in six dimensions [[]. For instance, in a situation where the
brane configuration is not a stable solitonic solution, the way the brane is embedded in a
geometric bulk space (if applicable) could be subject to significant dynamical corrections,
as the quantum effects on transverse scalars on a brane could correct semiclassical brane
geometry. In a certain sense, branes have the capacity to reconstruct their own transverse
space. This is particularly relevant in the study of unstable brane configurations.

The relationship between the five-brane world-volume theory to the Supergravity The-
ory in the bulk is subtle. Verifying that local anomalies cancel on the five-brane seems
to require an anomaly inflow mechanism, where the precise way in which the five-brane is
embedded in the ambient space-time plays a pivotal role [[f]. However, the actual process
that guarantees this cancellation involves cutting quite concretely the brane off the back-
ground. Nevertheless, in a certain large N limit, the world-volume theory seems to lead
to an equivalence beyween the two theories, as the superconformal theory based on the
chiral N = 2 tensor theory in six dimensions provides a Holographic dual to Supergravity
on AdS7 x S*, as conjectured in [§.

All of this leaves much space for clarification as to the precise relationship of the five-
brane world-volume to the 11-dimensional background. Especially unstable backgrounds
in mind, it is important to divorce world-volume dynamics from bulk phenomena, as the
former could then be used to probe quantum mechanical backgrounds that are more gen-
eral than the smooth orientable spin-manifolds that usually appear in Supergravity back-
grounds.

The structure of generalised spin groups is of course interesting on its on right, and
the present analysis should provide a useful case study.

The paper is organised as follows: In section P the form of the extension Sping(1,5) that
the paper concentrates on is specified. This is the only piece of information from the bulk
that is used, and is forced on one already by the local world-volume theory. In section Bfthe
integral and modulo-two cohomology of the classifying space of generalised spin structures
is found. The general lifting procedure is outlined in terms of Postnikov-Moore systems in
section [}, this structure is used in section ff] to show the absence of obstructions, and to
find the cohomology groups where generalised spin structures are classified. Though the
preceding analysis does not depend on the compactness of the underlying six-manifold, the
vanishing of obstructions and the classification of spin structures in different non-compact
cases is commented on in section f In the final section, section [f] interpretation of the
data required for a generalised spin structure, consequences of the brane being smoothly
embedded in a spin manifold, and open questions are considered.

2. Five-brane structure

In this section the topological constraints on a stable supersymmetric five-brane, embedded
in an 11-dimensional background are reviewed. This sheds light on the local Fermion
structure as well.



The 11-dimensional Supergravity theory [[] can be formulated on orientable Lorentzian
manifolds X that have a spin structure [f]. Orientability is required for a Lagrangian
formulation; spin structure is required for defining global gravitino fields. Topologically
this means that the first two Stiefel-Whitney classes of the tangent bundle of that manifold
must vanish

In this geometric sense a five-brane — as a stable, supersymmetric solitonic solution
of Supergravity — can be thought of as a smooth Lorentzian submanifold ¢ : M — X
embedded in the 11-dimensional background space X. This means that the tangent and
the normal bundles are related as

UTX =TM & NM , (2.2)
and the above restrictions (R.I]) on the bulk space-time imply

w1 (NM) = wy(TM) (2.3)
wy(NM) = wo(TM) + wi (TM)?. (2.4)

For a Lagrangian formulation, one assumes again that the five-brane is orientable

Defining a world-volume theory on a chiral five-brane is subtle [fJ], first of all as the
theory involves a self-dual three-form field strength [[. Apart from this tensor field, the
world-volume supports also scalar fields and spinorial fields, both of which have to exists
as global fields on the brane.

Spinorial structures enter the local theory on the five-brane in the following way [[[]:

- The transverse scalars transform, by definition, as a fundamental 5 of the transverse
SO(5). In the supersymmetric theory on the brane, however, they show up in the
antisymmetric 5 of Sps.

- The chiral Spin(1, 5)-spinors belong to the fundamental 4 of Spy subject to a Majo-
rana condition, as required by N = (0,2) supersymmetry.

In this paper defining spinors globally on the five-brane is investigated. We shall consider
the brane world-volume as an N = 2 chiral tensor theory, without reference to how or
whether it is embedded in an background space.

If the five-brane should be a spin-manifold ws(T'M) = 0, then the spinor bundles of the
normal and tangent bundles, S(NM) and S(T'M), exist, and world-volume Fermions can
be defined globally as sections of the tensor product bundle S(T'M)® S(NM). If this is not
the case and wo(TM) # 0, a straightforward spin® structure is of no use, as world-volume
supersymmetry does not allow the Fermions to be electrically charged with respect to a
U(1) gauge field. Indeed, there is no Abelian one-form in the massless spectrum of the
theory. Instead of this, the Fermions are coupled to the spin group of the normal bundle

Spsy, and one is faced with a somewhat more general phenomenon.



Given the embedding ¢ : M <— X, it should be possible to lift the normal and the
tangent bundles NM @ T'M to a spinor bundle together S(NM @& T'M), even though this
bundle might not factorise in the form S(TM) ® S(NM). The reason for this is the fact
that the 11-dimensional bundle does exist, and one can always consider its pull-back bundle
t*S(TX). Note, however, that the present paper does not make use of these arguments
but, for reasons outlined in section [I], relies entirely on the intrinsic world-volume structure
of the brane.

One way to see the effects of this is by noticing that on the M5-brane the 11-dimensional
spin group Spin(1, 10) is broken to Sp, x Spin(1,5). This is a quotient of the direct product
group by the equivalence (g - a, a) ~ (g, a-«) where a and a generate a Zgy subgroup of
the centre of each factor. This group is an example of generalised spin groups Sping(1,5)
that fit in the exact sequence

1 — G — Sping(1,5) — SO(1,5) — 1. (2.6)

It is useful to think of Sping(1,5) abstractly as an extension of SO(1,5) by G, in the same
way as the standard spin group is an extension of the special orthogonal group by Zs. This
paper concentrates on the specific extension that arises on an M5-brane: in the following

Sping(1,5) = Spy X Spin(1,5), (2.7)

where G = Sp,, is assumed throughout. Apart from this form of the generalised spin
structure, no other information of the bulk theory is used in the calculation.

3. Characteristic classes

Recall that principal bundles P — M with structure group H on a manifold M are in
a one-to-one correspondence with the homotopy classes of mappings f from the manifold
M to the corresponding classifying space BH. These mappings form the mapping class
group [M, BH]. The bundle P is the pull back f*EH of the universal H-bundle EH —
BH. Generators of the cohomology of the classifying space w € H*(BH) pull back to
characteristic classes f*w of the bundle P = f*EH. It is therefore of interest to determine
the cohomology of B Sping(1,5).

The group SO(5) has one connected component, and Spin(5) = Sp, is its simply con-
nected compact double cover. The modulo-two and integral cohomologies of the orthogonal
group are

H*(BSO(5),ZQ) = ZQ[’II]Q,’[T)3,’II]4,...] (31)
H*(BSO(5),Z) = Z[p1, pa, W3, W5, W3]/ ~, (3.2)

where the following equivalence should hold in the integral cohomology

(W3)% ~ (W3)?p2 + (W5)?p1 - (3.3)



Though the integral cohomology of spin groups is in general complicated [[[(], the
isomorphism Spin(5) = Sp, implies the structure

H"(B Spy, Z3) = L[4, ws] (3.4)
H*(BSpy, Z) = Z[A1, Ao]

as freely generated polynomial algebrae. The generators wy; are modulo-two reductions of
the integral generators \; [, [J.
Given the fibration [[L]

BZs — BSp, - BSO(5), (3.6)

the following relations hold between generators of the cohomologies of B SO(5) and B Spy:
first of all, the notation is well-defined in the sense that the generators w; of the latter are
really pull-backs 7*w; from the former; secondly, [[L2]

s *]71 = 25\1
TPy = 2Xo + 5\% .
The torsion classes in the integral cohomology are related to modulo-two generators by
WZ' = B(U_)Z) (3.9)
Wi = B(waty) . (3.10)
The mapping 3 is the Bockstein of the modulo-two short exact sequence

1—Z-572-5572,—1. (3.11)

If one denotes by r the reduction of integral classes modulo two, the following results [[[4]
hold:

r(\i) = w3; (3.12)

rof = Sqt. (3.13)

The group SO(1,5) has two connected components. The one connected to unity fits

in the fibration R® < SO°(1,5) — SO(5). It is therefore contractible to SO(5). The

maximal compact subgroup of SO(1,5) is S(O(1) x O(5)) = Zs x SO(5). A group shares
its classifying space with its maximal compact subgroup [[]], so that

BSO(1,5) = B(Zy x SO(5)) = BZy x BSO(5). (3.14)

Given the Stiefel-Whitney classes H*(B SO, Zs) = Zo|wa, w3, wy,...] and the results in
integral cohomology of ref. [[[4], one obtains
H*(BSO(1,5),Zs3) =
H*(BSO(1,5),7Z)

Zolw] ® Zolws, w3, wy, ws] (3.15)
Zlw| ® Zlp1, pa, W3, W5, W]/ ~ . (3.16)



The algebra generated in (B.14) is not free, but there is an equivalence similar to (f.3).

The generator w € H*(BZsa,7Z5) is of degree one and w € H*(BZs,7) of degree two such
that 2co = 0. Note that on a non-compact Lorentzian manifold, where more specifically
the time direction is non-compact, the characteristic classes corresponding to pull-backs of
these two generators are trivial.

The connected part of the world-volume spin group is Spin®(1,5) = SL(2, H). The full
group has two components: one is connected to 1, the other is connected to the chirality
operator x. The maximal compact subgroup is Sps, so

BSpin(1,5) = BZy x BSp, . (3.17)

This implies

H*(BSpin(1,5),Z2) = Zs|w] ® Za|wa, ws] (3.18)
H*(BSpin(1,5),Z) = Zlw] ® Z[A\1, \2], (3.19)
with Wy; = T’()\Z)
Spinors on an M-theory five-brane carry both a representation of Sp, and Spin(1,5).
This means that the physical extension Sping(1,5) is of the form

Zs — Spy %X Spin(1,5) — Sping(1,5), (3.20)

where the image of nontrivial element —1 in the fibre is (—1, —1) in the total space. This
leads to the fibration

BZy — B Spy xBSpin(1,5) — B Sping(1,5). (3.21)

Note that the Zy factor that appears in (B.17) has a nontrivial image on the base. This
means that the fibration (B.2])) is nontrivial. Using the standard Leray-Serre spectral
sequence, one finds the cohomology of the base space to be

H*(BSping(1,5),Zs)

= ZQ[&)] X ZQ[U}4, W4, WS, U_Jg] (4 Zg[wQ,wg,w5,w9, .. ] (322)
H*(B SplnG(175)7Z>
= Z[w] b2y Z[Aly 5‘1, >\2a 5‘2] ® Z[’ZE3, Ws, W9, W17, - - ] ) (323)

where in the last factor only generators w; (resp. w;) with degree of the form i = 27+!
appear.

This structure arises because (B.21]) is a nontrivial fibration, and as such the trans-
gression dy : H'(BZs,Zs) — H?*(BSping(1,5),Zs) is nontrivial. On the level of the
Leray-Serre spectral sequence this means first of all that the derivative dy acting on E3*
has to be nontrivial ds(a) = ws # 0 where a € H'(BZs,Zs) is the generator. By Corollary
6.9 of [[[§] this leads to a tower of generators

2i+1)

dait2(a = dai2(Sq' a®') = Sq' di11a* = Sq’ wai gy = wait1 4 . (3.24)

Though Corollary 6.9 of [[[5] does not apply over integers, a similar argument can be
devised, and the above result follows.



The spectral sequence keeps track of the various cohomology groups not as rings but
simply as graded vector spaces. Therefore, the generators w; and w; have, a priori, nothing
to do with Stiefel-Whitney classes. The generators that are a priori related to Stiefel-
Whitney classes appear in (B.1§) and (B.19). The analysis of section ] is required to clarify
this issue, and it turns out that the new generators w; should a posteriori be identified with
universal Stiefel-Whitney classes, at least up to degree five.

The fact that the cohomology involves an infinite tower of generators should not be
surprising. First of all, Spin groups do have higher degree generators than SO groups; an
example is the degree eight class of Spin(5) = Sp, whereas the generators of characteristic
classes of SO(5) go only up to degree five. It turns in fact out ([[L6], Prop. 15.2) that
H*(BSpin(n),Z2) is a polynomial algebra precisely for n < 9. As Sping(1,5) is in a
certain sense a reduced form of Spin(1,10), one should perhaps expect to find such a rich
structure.

Section [| provides a partial consistency check to these results.

4. Lifting
The exact sequence (R.0) induces the fibration [[J] of classifying spaces
BG — BSping(1,5) — BSO(L,5). (4.1)

In what follows, the mapping class group [M, B Sping(1,5)] is analysed in terms of the
Moore-Postnikov system of this fibration. These techniques were first introduced in the
Physics Literature in [ff].

The Moore-Postnikov system of the fibration (JL.1) of the classifying space F := B x

Sping(1,5) consists of a sequence of fibrations
pn : B — pin—1l (4.2)

with fibre K (m,(BG),n) = K(m,—1,n). At level n = 0 the space is simply the base space
EW = BSO(1,5); for each n > 1, E[ has the homotopy groups m;(E) for i < n, and 0
otherwise. The larger the index n, the better approximation E[™ is of the total space E.
Each fibration can be chosen in terms of the Postnikov invariants

Kt BM L R(my,n 1)] , (4.3)
which are homotopy classes of mappings. Using the isomorphism

these invariants can be considered elements of H"*1(EM 7, ;).

In a non-simply connected case [[[7] the Eilenberg-MacLane spaces K (m;,n) appearing
in the Postnikov invariants are certain twisted versions of the standard spaces K (m;,n).
In H™(M, ;) the coefficient sheaf 7; is the constant sheaf 7; twisted by the action of an

element of Autm; over noncontractible paths in the total classifying space E.



In the present case there is precisely one such non-contractible path, as the total
classifying space has the fundamental group 71 (E) = m(Sping(1,5)) = Z2. Along these
paths a tangent vector picks up a holonomy from the component of SO(1,5) connected
to a total reflection —1 € SO(1,5). On the level of the spin group, this rotation lifts to
+x € Spin(1,5), the chirality operator.

On a Lorentzian manifold M the tangent bundle splits to an O(1) x O(n) bundle
TM ~ V=~ @®V™*. In the orientable case, the obstruction wi(TM) = w} + w] = 0 relates
the two logically distinct obstructions wli for either one of the vector bundles V* to be
separately orientable. We shall refer to w; as the obstruction to a temporal orientation.
It has a chance to be nontrivial if the six-manifold M is compact.

As BSO(1,5) has the same homotopy type as E up to four-sceletons, one can replace
E here by BSO(1,5), and the question of twisting coefficient sheaves Z = 7, reduces to
a choice of an element in w € H*(BSO(1,5),Zs) = Zy. The nontrivial element there is
the obstruction to a temporal orientation w = w; . The twisting, if any, is then done by
using the temporal orientation sheaf as the coefficient sheaf in the cohomologies where the
obstructions have their values.

The relevant part of the Moore-Postnikov system can be conveniently represented as
the diagram

K(m4,5) ——  E]

|
k

K(m3,4) ——  EDB 0 K(my,6) (4.5)

.|

BSO(t,s) —2— K(r3,5).
We have denoted here m; = m;(Spy). Here the following facts have been used:

e For bundles on a six-manifold M it is sufficient to consider the tower up to six-
sceletons [M, E] = [M,E[G]];

e Similarly, [M, K(m,n)] = H"(M, ) = 0 for n > 6.
e The homotopy groups mg = m; = w9 = 0 are trivial in all of the present constructions.

Taking the corresponding mapping class groups and putting in place w3 = Z and
w4 = Zs, one finds the two exact sequences

HO(M, Zs) — [M,BspinG(Lz))} o, [M, E[fﬂ] Koe, (M, Z,)

HY(M,Z) — [M, E[ﬂ o, [M,BSO(1,5)} ko g5(M, 7).

There are no nontrivial automorphisms of Zs, so the twisting is trivial in HS(M, Zs).



5. Obstructions

In the two exact sequences of the last section the cohomology groups on the right are ob-
structions for lifting the tangent bundle T'M, as represented by a class [(] € [M, BSO(1,5)],
to an element of [M, E [5}] and then from there to a generalised spin bundle, as represented
by a class in [M, B Sping(1,5)]. The cohomology groups on the left describe the latitude
in the lifting procedure, and can be thought of as classifying generalised spin structures.

The map ks determines a class in [ks] € H?(BSO(1,5),Z). Given the mapping ¢ :
M — BSO(1,5) corresponding to the tangent bundle [¢] = T'M, one has

ks« [C] = [ks o ¢] = ¢"[ks] - (5.1)

If this obstruction vanishes, there is a lift of ¢ to [¢] € [M, EP] that satisfies ps.[¢] = [¢].
Similarly, to lift ¢ further to a class ¢ € [M, E¥l] = [M, B Sping(1,5)], the obstruction

ko« [€] = &€"[ke] (5.2)

must vanish.

In section f§ it has been shown that all the generators of the cohomology of the classi-
fying space B SO(1,5), where one lifts a class ¢ € [M, BSO(1,5)] from, are present in the
cohomology of the classifying space B Sping(1,5), to whose mapping class group one is lift-
ing it. As there are no such missing generators, there should not be universal obstructions,
and it should always be possible to choose a lift of ( = TM to a £ € [M, B Sping(1,5)]
in such a way that ps. o pe«[¢] = [¢]. The results of section [J leave two questions open,
however:

e [t needs to be shown that the degree five generator ws is indeed the Stiefel-Whitney
class ws and not a new generator;

e The lifting procedure proceeds in two steps: it needs to be shown that there are no
missing generators in the cohomology of E that would then somehow be restituted

in the cohomology of E6.

In this section it is shown that the identification ws = ws is valid. There will indeed turn
out to be space for an intermediate obstruction to lifting from E®) to El¥, but it is shown
below that this obstruction vanishes in the present case.

In the process of performing such a lift, one must make independent choices that
amount to picking an element first from H*(M,Z) and then from H®(M,Zs). In order
to investigate this process further, and to have a partial check for the results presented in
section [J, the lifting procedure and the vanishing of the obstructions in the Moore-Postnikov
system of section {f is verified in detail in this section.

5.1 Integral obstructions

By Hurewicz Isomorphism, the first nontrivial integral cohomology group of K(Z,4) is
generated by the fundamental class I

HY(K(Z,4),7) = Hom(H4(K(Z,4),Z),7) (5.3)
= Hom(Z,72) = 7.



It follows from the Leray-Serre spectral sequence that E®! has the same cohomology groups
as BSO(1,5) in degrees one, two, and three. In particular, one should identify

W3 = ws. (5.5)

In degree four, the total space E is known to have one more generator A; than the
base space B SO(1,5). As the only available extra generator is the fundamental class 14 of
the fibre, one must identify A; = nl; for some integer n. Other multiples kI, for k < n
would then have to be eliminated by setting ds(kI4) to be nontrivial. This could be done
consistently only for n = 1,2. In next section one discovers, however, that 14 = r(Iy)
remains in the cohomology, and at the very latest in studying modulo-two cohomology one

discovers n = 1,
A= 1y, (5.6)

and d5([4) =0.
As none of the higher approximations E[, n > 5 will change integral cohomology in
degrees less than five, one has for i < 4

Hi(E,Zy) = F (H*(B SO(1,5),Z) ® Z[M) (5.7)
= F(2Z[=, Wa, )1, 1) (5.8)

where F? filters out the degree i part from the ring. This is fully consistent with (B-23).
Without knowing the fifth cohomology group of the fibre H°(K(Z,4),7Z) one cannot
write down the precise fifth cohomology group H 5(E[5],Z). However, as it is known that
the differential ds = 0 is trivial, it is clear that H®(EDP! Z) includes all generators of
the base H?(BSO(1,5),Z). The next differential dg could eliminate generators from the

cohomology of the base, but only at degree six H%(B SO(1,5),7Z).

As H®(EP!, Z) contains all the classes of H®(BSO(1,5),Z), there is no obstruction to
the lift. Choosing such a lift requires making a choice, which amounts to picking the class

A\ € HY(M,Z) (5.9)
that corresponds to half the first Pontryagin class of the normal bundle.

5.2 Modulo-two obstructions

Up to degree six, the homotopy type of E = B Sping(1,5) is Ell. The approximations
EBl and EM fit in the fibrations

K(Z3,5) — EI°l — ED] (5.10)
K(Z,4) — EPl — BSO(1,5). (5.11)

The modulo-two cohomology groups of the fibres are

H*(K(Zs3,5),Z2) = Z2[Sq"] = Za[i5,54q" 15,507 ¢, . . | (5.12)
H*(K(Z,4),Zs) = 72[Sq”] = Za[t4, S 14,8 14, .. ], (5.13)

where 1,, are the generators, and the multi-indices I and .J are appropriately restricted [[[5].

,10,



As the lowest element ¢4 in H*(K(Z,4),7Z3) is of degree four, it follows from the Leray-
Serre spectral sequence that E has the same cohomology groups as B SO(1,5) in degrees
one, two, and three. In particular, one should identify

W2 = W2 (5.14)
w3 = w3 . (515)

In degree four, the total space E is known to have one more generator w4 than the base
space BSO(1,5). The only available new generator in that degree is the fundamental
class of the fibre ¢4. To keep it in the cohomology, it must be transitive in (f.11]), that is
d,(i4) = 0 for r > 2. We identify

Ly = Wy . (5.16)

This is consistent with the fact that the Sp, class is a reduction of an integral class \; as
so is 14 = r(I4). Indeed, there is no Sq' ¢4 generator in (F.13).

There is no new generator in degree five in the fibre; the next new generators are Sq2 ¢4
in degree six, and Sq® ¢4 in degree seven. By choosing d7(Sq? 14) suitably, one could either
keep or eliminate this generator. As there is no generator of degree seven in the cohomology
of the base space, however, one expects this differential to be trivial, and Sq? ¢4 to remain
in the cohomology; the same applies to the generator Sq* ¢4 in degree seven. We shall see
below that this is indeed the only consistent choice in these degrees. Filtering out the
degrees already analysed ¢ < 7, the modulo-two cohomology of EP is therefore

HY(EP Z5) = F (H*(K(ZA),Zz) © H*(B SO(1,5),Z2)) (5.17)
= Ft (ZQ[’LD47 Sq2 Wy, Sq3 ’LD4] ® Zg[w,wg,wg,w4,w5]) . (5.18)

The Leray-Serre spectral sequence of fibration (p.10) implies now that the cohomology
of the total space El and that of EI! coincide in degrees up to and including four. At
degree five there is, potentially, a new generator ¢5, which is the fundamental class of the
fibre K(Z2,5). As known from section [, there should not be one, so that dg(t5) # 0 must
be a nontrivial element in H(ED!, Zy). The free ring structure determines

d6(b5) = Sq2 Wy . (519)

In hindsight, leaving Sq? @, in the cohomology of El5) was, therefore, justified. The choice
of dg removes now ¢ from degree five and both Sq? w, and wes from degree six.

There is a generator of degree six in the fibre Sq' ¢5, and d6=(Sq1 t5) = 0. The nontrivial
differential (5.19) implies also

d7(Sq' t5) = Sq* Sq? @y (5.20)
= Sq® g . (5.21)

This generator is indeed in the cohomology of EPl, but is now eliminated together with

6]‘

Sq! t5 from the cohomology of El6l. We see, then, in hindsight that the generators Sq2 @y,
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Sq® w4 were indeed both required in the cohomology of E) so that the generators ts, Sq' ¢
could be eliminated from the cohomology of E[6 consistently with the requirements of
section .

The rest of the generators Sq” t5 of the cohomology of the fibre K(Zy,5) have poten-
tially nontrivial transgressions as well

dpr6(Sq’ 15) = Sq’ Sq? 14 . (5.22)

Here p is the degree of the multi-index I. Due to the different structures of the two
cohomologies (5.12) and (.13)), not all elements in the latter are in the image of d,¢; this
should account for the tower of generators found in (B.22)), and amounts to a consistency
check up to degree six for the results in section fJ.

Therefore, filtering out degrees i < 6 by F?

HI(EW, 7,) = F (Hi(Em  Z) /342 mase® M:O) (5.23)
- Fi(Z2[waw2,w3aw4)U_]4aw5]> . (524)

The lowest generators inherited from the universal Stiefel-Whitney classes of B SO(1,5),
namely ws, w3, w4, had no chance of getting eliminated in the above procedure. The fact
that there was an extra generator w, in degree six meant that one could not eliminate the
fifth Stiefel-Whitney class ws either. One identifies, then,

W5 = Ws . (525)

It is interesting to note that though Sq' w4 = 0 in the fibre in this construction, a nontrivial
class Sq' wy = ws is allowed on the base B SO(1,5).

The only characteristic class in (f.24) that is not inherited from the cohomology of
BSO(1,5) is w4, the modulo-two generator of the cohomology of the K(Z,4)-fibre. As
seen in section p.]] in particular, it is there already in H*(E [5},Z2).

One is now in a position to comment on the lifting procedure from [M, EP!] to [M, E).
There is precisely one generator in degree six that is present in E but not in El due
to (b.19). This generator is the obstruction, and consistency requires

(*Sq®wy = 0. (5.26)

Recall that Steenrod squares commute with pull-backs. We can use the 7* of (B.f) in a
given fibre

Sq? Wy = Sq? iy = 7 Sq? Wy = 7 (a1l + We) = 0, (5.27)

because both wy and wg pull back to zero in the cohomology of B Sps.

There is then no obstruction to lifting an element of [M, EP] to [M,E]. Such a
liftt requires making a choice; the latitude in different choices corresponds to elements of
H5(M,Zs). Fixing this latitude does not correspond to choosing a characteristic class of
B Spin(1,5), as opposed to the one performed in (F.9).
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6. Noncompact cases

Thus far it was assumed only that M C X is a smooth orientable Lorentzian siz-manifold.
For simplicity, in this section only, it is assumed to be also connected; the existence and
classification of global spinors can clearly be discussed component by component if it is
not.

In this section, and in this section only, it is further assumed that the five-brane world-
volume M is contractible to some compact manifold M, of dimension n. This happens, for
instance, when the total world-volume is of the form

RO < M — M,. (6.1)

This simplifies matters, as the homotopy axiom of cohomology — which holds also with
local, or twisted, coefficients — guarantees H*(M) = H*(M,). There are four basic cases:

e At n = 6 the world-volume, including the time direction, is compact. To analyse this
case the full power of the results of the previous sections are needed.

e At n = 5 there is one non-compact direction that one can think of as time. This
case is discussed briefly in this section without recourse to the detailed structure of
B Sping(1,5).

e At n = 4 the obstructions vanish obviously, and the lifts are classified in H*4(M,7Z) =
7.

e For n < 3, the obstructions vanish, and there is a canonical lift.

Consider a class ¢ € [M, BSO(1,5)] in the case n = 5, so that M is contractible to a
five-dimensional compact manifold W: then

HY(M,Z2) = 0 (6.2)
H®(M,Zs) = 7o (6.3)

Z  trivial twist (*w =0

H>(M,Z7) = { (6.4)

Zo non-trivial twist ,
where w € H'(B Sping, Zs), and the class (*w € H'(M,Zs) determines the character of
the time orientation sheaf.

If one takes the non-compact direction to be time, then (*w = 0, and the fifth coho-
mology is taken over trivially twisted coefficients.

The homomorphism ks, is defined on the fifth cohomology of the classifying space
H5(BSO(1,5)), whose elements are all two-torsion 2H°(B SO(1,5)) = 0. The target space,
however, has no torsion elements H°(M,Z) = 7Z. It follows that the mapping must be trivial
ks« = 0. There is then no obstruction to lifting the tangent bundle to a generalised spin
bundle when the brane is compact but the time-direction is not.

Note that if the time direction is compact and the cohomology is nontrivially twisted,
one must make recourse to the arguments in the rest of the paper to show the vanishing
of the obstruction.
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7. Discussion

We have shown that on an oriented Lorentzian five-brane world-volume there is no ob-
struction for lifting the tangent bundle to a generalised spin bundle with structure group
Sping(1,5) = Spy X Spin(1,5). In the process of eliminating obstructions, the cohomology
of the classifying space of generalised spin bundles was found

H*(BSping(1,5),Zs2)

= Zg[w] &® ZQ[U}4,’LI_)4,U}8,U_)8] ® Zg[w2,w3,w5, .. ] (71)
H*(B SplnG(175)7Z)
:Z[w](@Z[Al,;‘laAQ,;‘ﬂ®Z[W37W5,"‘]‘ (72)

As a part of the considerations of section [|, we identified the degree five generator in
the former cohomology ring as a Stiefel-Whitney class. Though the structure of these
cohomologies as freely generated rings follows from the analysis, the action of the Steenrod
algebra, or the modulo-two-reduction properties of integral generators, does not necessarily
follow from those valid for Sp,y or Spin(1,5).

The appearance of the second and the third Stiefel-Whitney classes there means that
the underlying orientable manifold does not need to be spin or even spin®. The cor-
responding classes for the normal bundle are absent, effectively because it was assumed
that Sping(1,5) was the extension of SO(1,5) by the spin group of the normal bundle.
Note that this is justified already by the local structure of the world-volume theory as a
six-dimensional N = 2 chiral tensor theory.

In order to specify such a lift, one has to choose a generalised spin structure. This
amounts, effectively, to picking certain classes in the cohomology of the brane. More
precisely, generalised spin structures are classified in

HY(M,7) ® H>(M,Z5), (7.3)

in the sense that any two lifts differ by structure that can be characterised fully by an
element in ([.). One may ask whether these classes could be interpreted in terms of fixing
characteristic classes of an Sp, (or an SO(5)) bundle with which the twisting is done. As
the structure group of the generalised spin bundle concerns really the semi-direct product
of this group and Spin(1,5), one cannot, in general, translate characteristic classes of the
total Sping(1,5) bundle to characteristic classes of the normal bundle.

In the special case where the Sp, bundle does exist as a lift of a vector bundle, say N M,
one can give such an identification, though. Indeed, given such a (trivially) generalised spin
bundle ¢ € [M, B Sping(1,5)] and ¢ = pe«k, the degree four part of the generalised spin
structure ¢*A; would correspond to the half Pontryagin class A\(NM) = pi(NM)/2 of the
underlying vector bundle. This determines the degree four class wy(NM) = r(A(NM)).
The remaining piece of generalised spin structure does not seem to be related directly to
characteristic classes of the normal bundle, not even in such an hypothetical case as above.
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7.1 Spin structure in the bulk

Thus far using information from the bulk has been carefully avoided. It is interesting to
note, nevertheless, that when the 11-dimensional background is spin, one can define also
there the half Pontryagin class \(T'X) that was responsible for shifts in the quantisation

condition in the bulk in [[J]. This gives the integral characteristic class
MTM) = i*NTX) — (A, (7.4)

even though M does not need to be spin. The terminology is justified as, if the Sp, and
Spin(1,5) bundles did exist independently, this would be the pertinent half Pontryagin
class.

The existence of such a class would seem to indicate that its reduction modulo two
should yield the class wy(T'M). This is certainly true when the five-brane is spin. If this is
indeed the case, then the topology of such a five-brane embedding is characterised by the
constraint [[[§]

W5(TM) =0, (7.5)

as this is equivalent to w4(TM) being a reduction of an integral class.

Equation ([.5)) could have arisen as a standard obstruction in the discussion of sec-
tion p.1], but did not; it is rather a consequence of the geometry of the embedding ¢ : M —
X, than the existence of global twisted spinors on the five-brane. The constraint (.H)
should therefore be compared rather to the fact [[J that the bulk geometry satisfies
W7(TX) = 0, than that the obstruction to spin® structure would happen to have been
Ws(TM).

7.2 Open problems

In the present case, where the generalised spin group is specifically fixed to be the physically
relevant semidirect product Sp,y x Spin(1,5), the vanishing of all obstructions is automatic
(other than the embedding-related ([.5)). For other extensions Sping(1,5) that fit in (P-4),
the cohomology could be different. In particular, if the class W5 should then be absent
from the cohomology of B Sping(1,5), it would appear as the obstruction in ([.5).

There are many open problems with the dynamics and geometry of five-branes, as there
are several approaches to describing them. One of them is in terms of embedded smooth
submanifolds, others include for instance M(atrix) theory constructions [R(]. The point of
view taken in this paper extends the class of geometrically described brane configurations
by showing that some structures, such as generalised spin structure, make sense on the
brane quite irrespective of the details of how the brane is coupled to the bulk.

It would be interesting to relax further some of the assumptions made in the beginning,
namely that spaces involved should be orientable. In fact, the bulk M-theory is known to
possess a reflection symmetry [0, RI]; also the fact that the world-volume theory involves
self-dual three-forms may mean that requiring a Lagrangean formulation in terms of a
local action integral may be too restrictive. Among other matters, this would lead to
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more complicated twists in the cohomology where the obstructions take there values and,
perhaps, provide insights in five-branes as quantum mechanical solitonic objects in M-
theory.

Finally, it is interesting to note that in their recent work, where they construct parti-
tion functions for anti-self-dual tensor theories such as the five-brane world-volume theory,
Belov and Moore [BJ] make use of structures that involve choices differing by elements
pw € HE (M,Z). Tt would be interesting to understand precisely the relationship of that

structure to the choice of a generalised spin structure in the present paper.
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